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The solutions of the equations of mathematical physics depend on the setting of the problem
representing the initial and boundary conditions. In this case, firstly, the solution of the given problem
must exist and be unique, and secondly, this solution must be stable (a small change in the solution
corresponds to a slight change in the conditions). If the solution of the given problem exists, is unique
and stable, then this problem is called a correctly posed (correct) problem.[8:221]

In practice, there are many ways to solve the above boundary problems, for example, the method
of characteristics, the method of separation of variables, the method of resources, and the methods of
approximate calculation. Some methods give the analytical expression of the solution of the equation
(the problem posed to it), the second one only shows the existence of the solution, and the third one
gives the numerical value of this solution. Even sometimes it is necessary to use different methods to
find the solution of different problems for one equation.[4:24]

One of the most widely used methods for solving boundary and mixed-type problems in the
theory of partial differential equations is the separation of variables or Fourier method. The mixed
problem is set for hyperbolic and parabolic type equations; GER”n — and the initial and boundary
conditions are given.[2:37] The idea of the Fourier method is as follows: the desired function, which
depends on several variables, is assigned to a separate variable is searched in the form of a product
of related functions. We begin the description of the mentioned method by searching for the solution
of the first initial-boundary value problem for the narrow vibration equation with both ends fixed.
The rest of the boundary problems and mixed problems are solved in a similar way. The following

Upp = QP Uy 1)

homogeneous of Eq

u(0,t) =0, u(l,t) =0 (2)
marginal and

u(x,0) = p(x), u(x,0) = P(x) (3)
we find a solution that satisfies the initial conditions. Since the equation (1) is linear and
homogeneous, the sum of its eigensolutions is also a solution of the equation. We can see their sum
with some coefficients as the desired solution. First, we consider the following auxiliary problem:
Upr = A Uy,

of the equation is not exactly equal to zero

u(x,t) = X(x)T(t) 4)
multiplicative, where X, T are univariable, and functions of x and t are homogeneous
u(0,t) =0, u(Lt) =0 (5)
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be asked to find a solution that satisfies the boundary conditions[1].
Solution: Substituting expression (4) into equation (1).

X"()T() = zX()T" () (6)
we form the equality , and from the equality (6).

x"(x) 17"
XG0 a? 1D (7)
we form the equation. In order for the function defined by formula (4) to be a solution of equation
(1), equation (7) must be satisfied for all values of the independent variables 0 < x <, t > 0. [5:351]
The left part of this equation is only x o, and the right-hand side are functions of only the t variable.
Successively, assigning one of them and changing the other, we are sure that the left and right parts
of equality (7) are equal to some fixed number:
Xll(x) _ iT”(t) _ (8)
X(x) a? T(t)

In this case, we took | with a negative sign for convenience in further calculations. (8) to

find the functions X(x) and T(t) from the equations
X'(x)+ 2X(x)= 0,X(x) =0,
T"(x) + a?AT(x) = 0,T(t) # 0 (9)
we arrive at ordinary differential equations and also from the boundary conditions (6).
u(0,t) = X(0) T(t) = 0,
u(l,t) = XD T(t)=0
originates. Instead, the above equations show that in order for the function u(x,t) defined by formula
(5) to be equal to zero, the function X(x) must satisfy the conditions X(0)= X(I) = 0, vice versa shows
that T(t)=0. Therefore, from the given boundary conditions, we have conditions X(0)= X(I)= 0. So,
during the solution of the given boundary value problem, we came to the following problem, known
as the Sturm-Liouville problem for the function X(x):
Definition of A
X'"(x)+ AX(x) =10, X(0)=X(1)=0 (10

The value for which a nontrivial solution of the problem exists is called the eigenvalue of
this problem, and the corresponding nontrivial solution is called the eigenfunction corresponding to
the eigenvalue I. The set of all eigenvalues is called the spectrum of the problem. [] In general, the
problem of finding the eigenvalues of differential equations and their corresponding eigenfunctions
is called the Sturm-Liouville problem. In order to find a solution to the above-mentioned problem,
we consider each of the negative, zero, and positive cases of A separately. In this process, we use the
knowledge known to us from simple differential equations.
Case 1. Let us assume that A < 0. In this case, we know from the course of ordinary differential
equations that (1.15) is the general solution of the second-order ordinary differential equation

X(x) = CieV™ 4 CyeV~2x (11)

It will be in the form. Here C_land[C)_2 are real numbers that are optional. We choose C_1 and [ C
J_2 so that the boundary conditions in (10) are valid.

X0)=C6+C=0, X1 = Cle\/__’u+Cze“/__M

From this, we determine the following.
Cr =0 G (e\/—_/ll - 8_)‘1) =0

In this case, considering that | < 0 and I<0, it follows from the second equation that C_1=0
and from the first equation that C_1 = C_2=0. If we conclude from this, if | <0, the problem (10) has
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only 0 solution, so in this case it follows that the Sturm-Liouville problem does not have an eigenvalue
and an eigenfunction.

Case 2. Let us assume that L = 0. In this case, the second-order ordinary differential equation in
equation (10) is of the form [[X )" (x)=0, the general solution of the equation

X(x) = Cix + G, (12)
consists of (12). Here, C_1, C_2 are arbitrary real numbers. We choose them from the boundary
conditions in equation (10) as follows:
X(0)=C,X(1)=C,+C, =0
It follows that
C,=C,= 0.
To sum up, according to (12), even in the case of A = 0, equation (10) has only a zero solution, and
the Sturm-Liouville equation does not have an eigenvalue and an eigenfunction. Let's look at the next
case.
Case 3. Let us assume that A > 0. In this case, from the course of differential equations, we know that
the second-order ordinary differential equation in equation (10) has two joint complex characteristic
solutions, and its general solution is
X(x) = C;cosVAx + C,sinVax (13)
will be in the form of We choose the constants C_1 in such a way that the given boundary conditions
in the conditions of equation (10) are appropriate, that is:
X(0)=C,=0,C,sinVAl =0
X(x)#0

taking into account that, we make sure that C_2#0.
In this case
sinVal = 0
it turns out to be. The solution of this trigonometric equation is as follows.
nm

A=1, = (T)Z, nez

2
Thus, the problem (11) is not exactly equal to zero, i.e. non-trivial only when 1 =4, = (g) , NEZ

nm
X,(x) =C, sinTx

it follows that there are solutions. [9:96] Here C_n are arbitrary real numbers. (10) for the considered

Sturm-Liouville problem

2
A=A, = ("T") >0, n=12,........ , humbers are eigenvalues and
nm
X,(x) =sin—x

l
This is a scalar product of eigenfunctions

1 l
(Xn(x),Xm(x)) = j X, ()X, (x)dx =f sin?x sin?xdx
0 0
1
1[ (¢ - + S =
=_U Cosmx_cosmxdxl _lzm=m
21Jo l ! 0O,n#+m

equal to According to the above, we proved the following theorem:
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Theorema. (10) The Sturm-Liouville problem has a non-trivial solution only when 1 = 1,, =
(TLTL’)Z - - . - - - - -
-) all eigenvalues are positive and eigenfunctions corresponding to different eigenvalues are

mutually orthogonal.[ 10:332]
Now we look for the solution of the second equation of (9) corresponding to the found eigenvalues

nm
A=t = ()
T"(x) + a?AT(x) = 0,T(t) # 0
Since the differential equation is similar to the first differential equation of (9) ( X(x) is replaced
T(t)va A is replaced by a2 its general solution is in this form :

nm nm
(t) = A,cos—at + B,sin—at 14
l l

In this case, according to equations (5), (13) and (14), the particular solution of the narrow free

oscillation equation (5) satisfying the homogeneous boundary conditions has the following form:

nm nm nm
u,(x,t) = X,,(x)T,(t) = (An cos T at + B, sinT at) sinT ax

Since the above equation (12) is a linear and homogeneous second-order partial differential equation,
the sum of the singular solutions found also satisfies the equation (12) and the boundary conditions
(13):
nm nm
ulx, t) = Z u,(x,t) = Z (A cos l at + B, sin— ; at) sinTax (15)
n=1 n=1
In this case, we choose the coefficients A_n and B_n so that the initial conditions (5) are fulfilled:
A, va B,

ulx,0) = ZAn sinﬂx = ¢@(x),

u(x,0) = —az B, sm—x = @(x) (16)

In this case, to find coefficients Anva B from the obtained results, we use the fact that any
continuously differentiable function f(x) deflned in the range [0,1] can be expanded by sines (cosines)
into a trigonometric series called a Fourier series, or the

flx) = Z b, sm—x

let it be Here, the numbers b,,, n € N f(x) are called the Fourier coefficients of the function f(x)
and they are determined using the following equation.

l
2 . nm
b, =Tf<pn51n7dx
0

is determined using equality. [3:131] Knowing this, in order to find A,, and B,from equations (16),
we expand the continuously differentiable functions @(x) and ns(x) into the Fourier series and write
the Fourier coefficients as follows:
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) l
2
p(x) = Z On sin?xdx, On = Tf o (x) sin?xdx (17)
n=1 0
) 5 l
Y(x) = Z Yn sin?xdx, Y (%) Tj P(x) sin?xdx (18)
n=1 0

!
2 . nm

A, =@, = 7_[ o(x) smedx

0

l

l 2 . nm

B, = p P, = —nnaftp(x) smedx (19)
0

A, va B, By putting the above values of (19) found through the formulas into the equation (15), we
find the solution of the 1st type boundary value problem for the homogeneous narrow vibration
equation (2)-(3) written in formal form. [6.100] Because, in this form written (15) yZechim is an
infinite term series, and it is clear to us that this series may be divergent or its sum may not be
differentiable. In these cases, we cannot consider the function represented by the line (15) as a solution
to the problem under consideration. For this purpose, if we show that the functional series (15) whose
coefficients are determined by the formulas (19) and the series formed as a result of its double
differentiation are smooth convergent under certain conditions, the function defined by the series (15)
is really ( 2)- (4) will consist of the solution of the problem.
Problem 1: for the equation u;; = a?u,, t 0 < x <1I,t > 0 on the half-way

u(0,t) =u(ll,t) =0 ulpmg=sin7x, Uli=g=0,a=1,l=m
find a solution to the problem.
Solution: if we substitute u(x, t) = X(x)T(t) and take into account that a=1

X'(x)+ 2X(x)=0
T"(x)+ AT(x) = 0

we have differential equations of the form Here | is an unknown constant parameter. Considering that
u u(0,t)=0 ,X(x)#0 va T(t)#0
X(0)=0,X(1)=0va T:=0 (20)

satisfies the conditions. The general solution of the differential equation
X(x) = C,cosVAx + C,sinVax (20)

considering the

C,=0, C,sinVAl=0
C, #0
We think that Otherwise, X(x)=0 would have remained
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C,sinVAl =0 >  sinvAU =0

VAl =7 +mn = /1=(Ll”n)2

Fromthat X, (x) = sinL;mx, there is n=0,1,2,3,........
it follows that According to the above results,

T, (t) = a, cos ”(1l+n) t + b,sin masn) 4
u,(x,t) = X,,(x)T,(t) = sin@x [an cos T ¢ + b, Sin@ t]
& T+ nn m(l+n n(l+n
u(x, t) = Z sin X [an cos¥t + b, sin¥ tl (21)

n=0

will be a general solution. We differentiate (21) with respect to t.

oo

(e, 6) = zn(1+n) m+7mn lncosn(1+n) _ n(ll-l-n) tl

] sin I I t + a,sin
n=0
Ulp=0=0
according to the initial condition,
o (1 +n)b T+ mn
ut(x,0)=z ( l)nsin i x=0 = b, =0

n=0
ul,—¢ = sin 7x according to the initial condition and also taking into account that I =

w4+ 7mn , ] ,
u(x,0) = Z a,sin l x=sin7x = u(x,0) = Z apsin(l +n)x = sin7x
n=0 n=0
And from that as=1,a,=0 bu yerda n=0,1,2,3,4,5,7.8............ n# 6.

From the obtained results, we write down the general solution of the equation as follows.
ulx,t) = sin7xcos 7t
Conclusion. The general description of mixed and boundary problems for hyperbolic type equations
was given. Information was given on the methods of solving the problems. A general solution of the
boundary value problem put to the hyperbolic type equation was obtained.
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