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Introduction

Let's assume u(x) functionQ) =[0,1]",v €[l be a real-valued non-negative continuous
function on the set and take zero value, i.e0< Ran(u).K - operatorL,(€2, )in Gilbert space

k(x,s) € L,(Q?) be a compact integral operator with a symmetric kernel. Some issues of quantum
mechanics and statistical physics (see [1-3]). L, (Q,)in hilbert space the following
H=H,-K, (1)

determined by the formula H is brought to study the spectrum of the operator,
here

(HyF)0)=u() (), (KF)(x) = [ k(x,5)f(s)d u(s).

In this K is a compact integral operator integral in the sense of Lebesgue and z(-) - an expression|] *

is a Lebesgue measure on the set. From Weyl's theorem [4] about compact excitation H of the
operator o, (H) important spectrumu(x) it follows that the function consists of a set of values, i.e

ees

o.(H)=[0,u,.Jequality is appropriate, hereu__ = maxu(Xx).
XeQ,

The operator in the form (1.1) is called the operator in the Friedrichs model. Operators in the
Friedrichs model were studied in works [5-8, 11-14].
H =H, — K discrete spectrum of  the operator | — K, of  the operator

A(A), A €ll , Ran(u)[17] The Fredholm determinant overlaps with zeros, here | - unit operator
andK, =K(H,-A1)*, 1€l , Ran(u).
of the Fredholm determinant
A(1)=0,4€ll , Ran(u)(1.2)

the study of the number of zeros is the main issue of the theory of operators in the Friedrichs model.
If the following
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Jim, | u()g—xﬂ A<0
Qv

is sufficiently small if limit has a finite value & > O for number [5]o(H, — ¢K) =o(H,) =[0,u,,]

equality is reasonable, i.e. small enoughe > 0atH_= H, — ¢K the discrete spectrum of the operator

will not exist.

Using minimax and maximin principles [6], if K if the kernel of the integral operator is
separated, then the discrete spectrum of the Friedrichs model (1.1) is finite. It follows from (1.1) that
the discrete spectrum of the operator in the Friedrichs model is infinite K it follows that the kernel of
the integral operator is in a non-separable form. The question of the infinity of eigenvalues outside
the critical range of the one-dimensional model (1.1) was studied in works [6,7]. [8] considered the
question of the existence of infinitely many eigenvalues of the multidimensional Friedrichs model
and found necessary and sufficient conditions for the infiniteness of the discrete spectrum.

In this review, we describe a method for studying the infinity of the discrete spectrum of
operators in the Friedrichs model. The second section presents some auxiliary concepts and
definitions derived from the minimax principle. In the third section (1.1), one criterion is proved,
which ensures that the negative eigenvalues of the Friedrichs model are infinite. The fourth section
shows that the discrete spectrum of one discrete Schrodinger operator is infinite.

2. Several auxiliary concepts and definitions

Let's assume H - separable hilbert space and A: H — H let the linearly bounded element be
given an adjoint operator.

For convenience o (A), o, (A)and o, (A) with Awe denote the spectrum, critical spectrum

and discrete spectrum of the operator, respectively [16].
We also include the following definitions
Emin(A) = Inf {ﬂ“ : ﬂ“ € Gess(A)}’ Emax(A) = SUp{ﬁ. : ﬂ“ € Gess(A)}-
Here E . (A)(E,.,, (A) number) number Ais called the lower (upper) limit of the critical spectrum of

the operator.

max

If optional x € H for (Ax, x) > 0if , then is linearly bounded integral A operator is called a positive

operator and A > 0or 0 < Ais written in the form

(1.1) in the Friedrichs model H,and K the following properties are relevant for operators. H,
operator is optional to be positive x € Q atu(x) = 0the fulfillment of inequality is necessary and
sufficient. K and for the integral operator to be positive, it is necessary and sufficient that each of its

eigenvalues be negative.

{&,(A)},_, join with Afor the operator we define a bounded sequence of increasing real
numbers constructed using the minimax principle [6]. Then each z (A), n e[l number Awill be an
eigenvalue of the operator and lim x4, (A) = E_;. (A) equality is appropriate.

Lemma 2.1.[6]A,B:H — H - linearly bounded adjoint operators and A< B let the
inequality be appropriate. In that case s, (A) < 1,(B), n €l Inequality is relevant here

u(A)= sup inf  (Ax,x),kell.

LeH, dimL=k-1 1=l xLL
The following assertion follows from Lemma 2.1.
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Confirmation 2.1. H in hilbert space Aand B for linear bounded adjoint operators A< B
inequality andE_. (A) = E,;,(B) let equality be appropriate. If B If the discrete spectrum lying on

the left side of the lower limit of the essential spectrum of the operator is infinite, then A The discrete
spectrum lying to the left of the lower limit of the critical spectrum of the operator is also infinite.

Suppose (1.1) is in the Friedrichs model K the integral operator is positive and K let the kernel
of the integral operator be in non-separated form, i.e

(69) = 22,0,000,(5)

here{a },_, €1,,a, >0, kell, eacha, number K the eigenvalue of the operator and{¢p, (X)},_, -
system K of the operatorL,(€2 )in hilbert spacea, is a system of orthonormal eigenfunctions

corresponding to the eigenvalues of
1

K that the operator is positive K2 has a square root and

K%f(x)z j k%(x,s)f(s)ds, bu yerda k;(x,s)zian;qpn(x)m

n=1

1 1
appears [10]. H,and for the operator HOE f (x) =u2(x) f (x) equality is appropriate.
also H (1.1) from the fact that the operator is self-adjointo(H) <[] relationship arises. K and from
the positivity of the operatoro(H) " (u,,,,,) =< it follows that the equality holds, therefore H
discrete spectrum of the operator (—oo,0) lies in between.

Confirmation 2.2. H (1.1) Let the operator in the Friedrichs model have an infinite number
of negative eigenvalues. If negative continuousv(x), 0 e Ran(v) function has a multiplication

operatorV, for the operator H, >V, if the condition is met, then
H =V,-K
operator also has an infinite number of negative eigenvalues.
Proof.let's say H, >V, let the inequality be appropriate. Then it's optional f (x) € L, (Q, ) for
((H, —V,) f, f) > 0the inequality holds. From this
O<((H,-Vy)f,f)=(H,-K+K=V,)f,f)=
=((Hy-K) =, —K)f, f)=((H-H)T,f)
it follows that the relationship is appropriate. As a result H > H, the inequality becomes relevant.
From this and Proposition 2.1 H, operator has infinitely many negative eigenvalues.

Confirmation 2.3. H (1.1) Let the operator in the Friedrichs model have an infinite number
of negative eigenvalues. If q(x, s) uninucleate Q for a positive compact integral operator Q > K if the

condition is appropriate then
H,=H,-Q
operator also has an infinite number of negative eigenvalues.
The proof of Proposition 2.3 is proved similar to the proof of Proposition 2.2.
We consider the operator in the Friedrichs model as follows
H,=V,-Q,
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hereV, - continuous negativev(x),0 € Ran(v) function multiplication operator,Q - not separated

q(x,s) = an‘//n(x)‘//n (s), b, >0, nell isa positive compact integral operator with a kernel.
n=1
Theorem 2.1. H (1.1) Let the operator in the Friedrichs model have an infinite number of
negative eigenvalues. IfH, >V, andQ > K if the conditions are met, then H, =V, — Q operator also

has an infinite number of negative eigenvalues.
Proof.Let's assume H, >V, andQ > K let the inequalities be appropriate. Then it's optional

by  definition f (x) e L,(Q2,)for0< ((H, —-V,) f, f)and0 < ((Q — K) f, f)inequalities  are
relevant. From this
0<((Hy =Vo) F, 1) +(Q-K)f, F) =(((H, Vo) + Q-K) f, ) =
= ((Ho —K) = (V, —Q) f, F)=((H —H,) f, f), f () e L,(Q,)
attitude is appropriate. As a result H > H, inequality arises.
Onthe other hand E,_, (H) = E,;,, (H,) = 0 equality is appropriate. From this and Proposition
2.1 H,it follows that the operator has infinitely many negative eigenvalues.

3. About the sign of infinity of negative eigenvalues of the Friedrichs model
in the Friedrichs model H the operator L, (Q2, x Q) in the hilbert space we look as follows

H=H,-K,@3.1)
here
(Ho 1), y) =u(x y) (6 y), (KOG y) = [ [k(xyis,t) F(s,t)d s(s)d ().

Inthisu(x, y) e C(€Q,,Q, ) the function is nonnegative and 0 € Ran(u) , k(x, y;s,t) € L, (Q? x Q?)
and the core is symmetrical, i.ek(X, y;s,t) =k(s,t; X, y).

let's say K operator is infiniter), > 7, >...>n, >..., n, >0, n— cohas positive eigenvalues and
{9, (x,y)},. systemK let the operator be a sequence of orthonormal eigenfunctions corresponding

to these eigenvalues.
Optional £ < 0 we define the following integral operators for

1 1 11
P(&) =K?r,(5K?, R(S) =Kz (&),
herer, (&) - H, the resolvent of the operator. P(&£) = R(£)(R(&))” from equality P(&) it follows that
the operator is positive. Hf =& f of Eq f, with the solution P (&) of the operator ¢ The fixed point is

connected by the following relations.
1 1

f, =1, (£)K2p, p=K21,.(3.2)
Lemma 3.1.[9] £ < 0O number H to be an eigenvalue of the operator A =1number P (&) it is
necessary and sufficient that the operator has an eigenvalue.

From Lemma 3.1dimKer(H —£1) =dimKer(P(&) — 1), & < 0equality follows.
We introduce the following definition

*@=]] u(:Xy(;y—f’§<°'
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Theorem 3.1.Assume that (3.1) is in the Friedrichs modelu(x,y)andk(x,y;s,t) for
functionsu(x, y) =u,(y)andk(x,y;s,t) =k,(x,s)let the equalities be appropriate. If

lim @ (&) = +ooif the condition is appropriate then H (3.1) operator is infinite negative £ , n e[
£-0-0

have eigenvalues and the eigenfunctions corresponding to these eigenvalues look like this
0
f(xy)=—2) (@33
uO (y) - én

here x = (X, X,,.-.X,), Y = (Yy, Yoreenr ¥, ) -
Proof. & <0beingP(&)of the operator p(&,x;z) for the core p(&;x,z) = D(E)K,(X,2)

equality is appropriate. From this
P(S) =D (5K (3.4)
equality follows. This is equality K characteristic function of the operator P(£) means that it is also a

characteristic function of the operator.
From the condition of Theorem 3.17_,n e numbers K nonzero eigenvalues of the operator,

g,(%Y)=9°(x) e L,(Q,), nel] and functions K of the operatorz_,n (] will be eigenfunctions
corresponding to eigenvalues, i.eL,(Q,)is orthonormal in the Hilbert space{g’} _, there is a

nell

sequence of functions such thatk (x,s) = inngn (x)g, (s) equality is appropriate.
n=1
Then from equality (3.4).
ﬂn (5) = nn(b(g)’ nell (35)
numbers P (&) it follows that the operator has eigenvalues.

Now eachn ] for the following
7,(£)=1(3.6)

the equation is negative &, < O we show that it has a solution. For this, (3.5) is equivalent to equation

(3.6) taking into account the equalitycp(g):iwe get the equation The following

n

D (&) = J'—yzderlvatlve (—o0,0) since it is positive in the interval ® (&) function (—oo, 0) is
i WUy (y)— &)

increasing and positive in the interval. Besides®(&)for the function lim ®(&) =+ocand
£50-0

lim ®(&) =0 relationships are appropriate.
-0

From this, equation (3.6) is assigned to eachn (] negative for¢ it follows that it has a
solution. From Lemma 3.1, each& , n el number H will be an eigenvalue of the operator. P(¢)
operatorg, (X, y¥) = 92 (X, X,,...,X,), nell from relation (3.2) because it has characteristic
functions H of the operator& , n el corresponding to the eigenvalues f, (x, y) eigenfunctions are
determined by equality (3.3). Theorem 3.1 is proved.
L, (Q, x€,) in hilbert space H we consider the operator as follows:

H=H,-K,(3.7)
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here
HOf (X’ y) = (1_COS7Z-y) f (X1 Y),
Kf(xYy)= j j e (s,t)dsdt, a<0.(3.8)
Q].Ql

Confirmation 3.1. K (3.8) the integral operator is infinite; =— 2a nell

(rn+¢g)* +a*’

will have positive eigenvalues, whereo<gn<£,|imgn:o.Kof the integral operators,

n—oo

eigenfunctions corresponding to eigenvalues g, (X, y) = @, (X) -, (y) is defined by equality, where
w,(y)=1and

— a)n 1 —
@, (X)=c, —;coswnx+sma)nx , @O, =7TN+&,,

Cc. = ! , hell.

’ 1 1+ai | sin2e, w—”z—l _sin’e,
2 a’ 4. | @° a

n

Proof. K to find the eigenvalue of the operator defined by the following equation K, we find
the eigenvalues of the operator:

1
Kop(X) = [e*lp(s)ds, a<0, p(x) € L,[0,1](39)
0
for this K, (x) = n¢(x), n > 0 we look at Eq. From this we create the following equation

o(x) = L™ [[ep(s)ds + Low [le*o(s)ds.
n o no

These are two sides of the equation x by differentiating twice with respect to , we form the following
second-order differential equation

& (X) = a%p(X) + 2L ap(x).(3.10)
n
(3.10) for the differential equation

¢ (0) =-ap(0), ¢ (1) =ap(1)(3.11)
the boundary condition is appropriate.

We introduce the following definition ? = _(az + Ej . Let'sassumew # 0.
n

In that case p(x) :c(ﬁcoszJr sina)xj, ¢ = const function (3.11) is a solution of differential
—a

equation (3.10) with boundary conditions, where @ - the solution of the following equation

2 2
a-o = 2ctgw. (3.12)

aw
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The following0 < ¢ < % lime, = 0that satisfies the conditions{g, },_, each of which can be found

n—oo

in sequence w, = zNn+ &,, N ell number will be the solution of equation (3.12). On the other hand

—a%— 2a =(zn+¢,)?, nel] from  equality K operator is  positiver, for  eigenvalues

T

2a
(zn+¢g,)* +a’
K, of the operator 7 orthonormal eigenfunctions corresponding to eigenvalues

.n el we form the equation.

=

[0 . .
P, (X) =¢, (——“coswnx + Slna)nx)WIll appear here
a

1

C, :
1 o’ sin2o, ( o? sin“m,
—| 1+ |+ —-1|-
2 a 4o, \ A a

Ravshanki, K (3.9) is an eigenvalue of the operator K (3.8) is also an eigenvalue of the operator and

g,(%,y)=¢,(X)-w,(y),nell sequence of functionsKis a sequence of orthonormal

eigenfunctions of the operator. By Theorem 3.1 H (3.7) it follows that the operator has an infinite
number of negative eigenvalues.

Confirmation 3.2. H (3.7) for negative eigenvalues of the operator$, =1— J1+ nnz , hell
equality is appropriate.

Proof. H we find the negative eigenvalues of the operator. & < 0 being

dxdy dy 1 dy 1
(&) g{iU(x, y)=-¢ iuo(y)—é 0l-cosry—& (=& J2-¢

we will have a relationship. (3.5) from Eq (-£)(2 - &) =n?, £ <0, nell we form the equation of

this equation& <Qas itis&, =1—4/1+77, nell the solution H operator will have eigenvalues.

4.1] x[] discrete Schrodinger operator on a lattice
Lattice two-particle Hamiltonianl, (U/ x[1) in the Gilbert space we define as follows [15]

Q=Q,-Q’,
here is a function wrapper Q, The general form of kinetic energy is:

(QuA)(m,n) = > vo(m—k,n—=1)g(k,1),
Q' and potential energy |
(Q'¢)(m,n) =v,(m,n)g(m, n)

defined by Eq. Kinetic energyv,(m,n) =u,(m) -u,(n) is given in the form here

2a,, agar m=0, 2a,, agar n=0,
u(m)=< a, agar |m|=1, , u,(n)=4 a,, agar |nl]=1,
0, agarmell , {-1,0;1} 0, agarnell, {-1,0;1}
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anda,,a, > 0. We define the potential function with the following equation
o, agar m=n=0,

o0r agar me{tp},n=0, pell,

Qo agar m=0,ne{+q},qell,

a,. agar me{tp}, ne{xq}, p.qell,

(04
v,(m,n) =

hereq) >0, p,qed U{0}, D al, <.
p,qell {0}
let's say T = (—z, 7] let it beF :L,(J x[1) - L,(T xT) - is a Fourier substitution,[] x[J on

the fence ¢(m, n) function T x T defined in the set f (X, y) reflects to the function, i.e

g(m,n) — f(x,y) =2i > #(p,a)exp(l(p,x) +(a, Y)]),

T p,qel]
in thisQ Hamiltonian L, (T x T) passes to the following operator in space

H,f (6, y) =HP (%) - K, f(xy).4.1)
In this
HPF(x,y) =u@(x, y) f(x,y), K,f(X,y)= ”k (X, y;s,t) f (s,t)dsdt

andul® (x,y) = 4a,a, (L + cosx)(L+ cosy) ,ul? (7, +7) = 0,k, (X, y;s,t) - the kernel will have a
non-segregated view ie:

Ko (X, Y38,1) = Ao, (X, y)+zlp(ﬂ“)(x)¢“)(8) +Z/1p<0(2’(x)(ﬂ(2)(8) +iﬂq(ﬂ(§3)(>')(ﬂé3’(t)+

Z 2 (Ve (1) + Z Ao P (X V)P (5,1) + Z Ao @ (% V)P (5,) +

p.g=1 p,q=1

= Z Ay @0 (X, V)@ (s,1) + Z 20,422 (X, V)P (5,1),

p,g=1 p,q=1
here
/10:2710500,2 =4rta,,, Ay =40y g, Ay g =470,
X y) = (1) _ cospx (2) sinpx (3) (4) sinqy
@ (X, y) = (x) = \/—ﬁ (x) = J_;; (y)= \/—” (y)= Tan
COSpX - COS CospX - sin
(pgsg(x,y):%, o9 (x,y) = S0SPxSInay
sinpx - cos sinpx - sin
(PEJ;(X’ y): P qy’ (8)( ): P qy

The following system of functions L, (T x T) it is not difficult to check that it is orthonormal in space

Por Py 5 03 P4 s P P Poas P P10 €0 (42)

Besides
K00 (%, Y) = 205 (X, Y), K,hP (%, y) = 0P (%, y), KhP(x,y) =2,hP(x,y)
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Kohe? (%, y) = 407 (%, y), Khe? (%, y) = 2,07 (x, y)

2¢E)5():| (X y) ﬂ’p q¢(5) (X y) K2¢(6) (X y) p, q<0é6():| (X y)

Koo (6 Y) = A5 o050 (6, Y), K@i (%, ¥) = 2, 05 (%, Y)
equalities are appropriate, here h (x, y) = o (x) -y, (y), h{?(x,y) =2 (X)-w,(y),
he? (%, ¥) =08 (¥) - 175 (%), h{P (%, y) = 982 (V) - 075 (%), wo(y) = o () =1.
Thus, every function in the system (4.2). K, characteristic function of the operator,

Ao =270y, Ay =AT’at o, Ay = A0ty o, Ay =47, (P, el])

while the numbers K, will be the eigenvalues of the operator.

Theorem 4.1. H:the discrete Schrodinger operator has an infinite number of negative
eigenvalues.

Proof. H2The operator (4.1) is the operator in the Friedrichs model. let's say - hip
S >8a,a, be an arbitrary positive number satisfying the inequality.

L, (T x T)in the Friedrichs model in space H1we define the operator as follows
Hi=H{ - K, (43)

in this
HE £ (% y) = B+cosy) F(x,y), K, (xy) =] [k (xs)f (s t)dsdt,
TT
here
Ky (X;8) = Ay (X) + Z/lpco(”(X)(p‘”(S) + le(p(z)(X)co(Z)(S)-
Ravshanki, lim L = +oo equality is appropriate. Then by Theorem 3.1 H1(4.3) operator

¢-0-001+cosy —&

has an infinite number of negative eigenvalues. On the other hand, H{” > H{® and K, > K since the
inequalities hold, the proof of Theorem 4.1 follows from Theorem 2.1.
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